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Abstract
Let P be a quadratic form in n variables and signature (p; q). The hypersurface P = 0 is a hypercone with a singular
point (the vertex) at the origin. We know that the kth derivative of Dirac's delta in P there exists under some condition
depending on n. This is due to the fact that the cone P(x) = 0 has a critical point at the origin. In our study, the main
purpose is to relate distribution product of the Dirac delta with the coecient corresponding to the double pole of the
expansion in the Laurent series of P++ . From this we can arrive at a formula in terms of the ultrahyperbolic operator
dened in the paper. c© 2000 Elsevier Science B.V. All rights reserved.
1.1. Introduction
Let (x1; : : : ; xp; xp+1; : : : ; xp+q) be a point of the n-dimensional Euclidean space Rn, where p+q=n.
Consider a quadratic form in n variables dened by
P = P(x) = x21 +   + x2p − x2p+1 −    − x2p+q: (1)
The hypersurface P = 0 is an hypercone with a singular point (the vertex) at the origin. We call
’(x) the C1 function with compact support dened from Rn to R.





where x = (x1; x2; : : : ; xp; xp+1; : : : ; xp+q);  is a complex number and dx = dx1 : : : dxpdxp+1 : : : dxp+q.
For Real()>0, this integral converges and is an analytic function of . Analytic continuation to
Real()< 0 can be used to extend the denition of (P+; ’).
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(1− t)t(q−2)=2	1(u; tu) dt; (4)








(q) are the elements of surface area on the unit sphere in Rp and Rq; respectively.
Consequently, (P+; ’) has two sets of singularities, namely,






− 1; : : : ;−n
2
− h; : : : ; (8)
where k = 1; 2; : : : and h= 0; 1; 2; : : : . Each case was studied in [1, Chapter III, Section 2.2].
When =−k and  6= −n=2;−n=2−1; : : : ;−n=2−h; : : : ; h=0; 1; 2; : : : this is always the case when














and G1(; u) is regular at =−k.
Therefore from [1, p. 256], we know the following result. For odd n and for even n if k <n=2,
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If k <n=2 integral (13) converges. If k>n=2, the meaning of (k−1)1 (P) is given from the regu-
larization of (k−1)(P) [1, p. 249].















G(; u) is dened by (4) and 1(; u) is a function which is regular at =−(n=2)−h; h=0; 1; 2; : : : .
We know from [1, p. 260] that each of the integrals in (14) may have a simple pole at this value
of . Therefore (P+; ’) may have a pole of order two at =−(n=2)− h; h= 0; 1; 2; : : : .
In the neighborhood of such a point we may expand P+ in the Laurent series
P+ =
C(h)−2
(+ (n=2) + h)2
+
C(h)−1
(+ (n=2) + h)
+    ; (16)
where from [1, pp. 261{263] C(h)−2 is given by






























Such an operator is often called ultrahyperbolic.
2.1. The multiplicative product of (k−1)(P)  (`−1)(P)
In this section we give a sense to the multiplicat product (k−1)(P)(‘−1)(P) considering essentially
formulae (14), (16) and (17).
In order to do it, we will consider two cases.
Case 1: n odd and n even if k + ‘ 6= n=2; (n=2) + 1; : : : ; (n=2) + h : : : with h= 0; 1; 2 : : : .
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From (9) we have
h(+ k)2P+; ’i= (+ k)
Z 1
0
u+(n=2)−1G0(u) du+ (+ k)2
Z 1
0
u+(n=2)−1G1(; u) du; (19)
k + ‘ 6= n=2; (n=2) + 1; : : : ; (n=2) + h; : : : (20)
with h= 0; 1; 2; : : : .
The integrals in (19) are regular functions of  at =−k. Therefore (P+ ; ’) has a simple pole at
such a point and from (19) we obtain
lim
!−k
h(+ k)2P+ ; ’i= 0: (21)





where  and  are complex numbers and P(x) is dened by (1).
For Real(+ )>0, this integral converges and is an analytic function of + . Analytic contin-
uation to Real(+ )< 0 can be used to extend the denition of hP++ ; ’i.




u++(n=2)−1G(+ ; u) du; (23)
where





(1− t)+t(q−2)=2	1(u; tu) dt (24)
and 	1(u; tu) is dened by (5) and (6).
From (23) and considering (7) and (8) hP++ ; ’i has two sets of singularities, namely,








− 2; : : : ;−n
2
− j; : : : ; (26)
where ‘ = 1; 2; : : : and j = 0; 1; 2; : : : .





































where − ‘ =  and m= k + ‘.
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h(+ k)2P++ ; ’i= 0: (28)





h( + ‘)2P++ ; ’i= 0: (29)
Under conditions (20) from (23) and considering (25) and (21) we have
lim
+!−(k+‘)




2P+; ’i= 0: (30)
On the other hand, from (11) and considering (12) we have
(k−1)(P)  (‘−1)(P)
=(−1)k−1(k − 1)!(−1)‘−1(‘ − 1)! Res
=−k
P+  Res=−‘ P

+
=(−1)k−1(k − 1)!(−1)‘−1(‘ − 1)! lim
!−k
(+ k)P+  lim!−‘ ( + ‘)P

+




[(+ k)( + ‘)P+  P+ ]: (31)
From [2, p. 39] we have
P+  P+ = P++ ; (32)
where  and  are complex numbers such that ; ; + 6= −(n=2)−s and ; ; + 6= −1;−2;−3; : : :
with s= 0; 1; 2; : : : .
Replacing (32) in (31) we have




[(+ k)( + ‘)P++ ]: (33)
Taking into account that
(+ k)( + ‘) = 12f(+  + k + ‘)2 − [(+ k)2 + ( + ‘)2]g: (34)
From (33) we have







f[(+  + k + ‘)2 − [(+ k)2 + ( + ‘)2]]P++ g: (35)
Applying (35) to ’, we write
h(k−1)(P)  (‘−1)(P); ’i= (k − 1)!(‘ − 1)!(−1)k−1(−1)‘−1  fI + J + Kg; (36)
























h( + ‘)2P++ ; ’i: (39)
From (37){(39) and considering (28){(30) we obtain
h(k−1)(P)  (‘−1)(P); ’i= 0 (40)
for odd n and for even n if





+ 1; : : :
n
2
+ h; : : :
with h= 0; 1; 2; : : : .
From (40) we arrive at the following theorem.
Theorem 1. Let k and ‘ be positive integers and let n be dimension of the space; then
(k−1)(P)  (‘−1)(P) = 0 if n is odd (41)
and
(k−1)(P)  (‘−1) = 0 when n is even (42)
if k + ‘ 6= n=2; (n=2) + 1; : : : ; (n=2) + h; : : : with h= 0; 1; 2; : : : .
Case 2: Formula (36) for n even and ‘+ k = n=2; (n=2) + 1; : : : ; (n=2) + h; : : : with h= 0; 1; 2; : : : .













































if p and q are odd: (43)
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h(+ k + ‘)2P+; ’i: (44)
Putting
k + ‘ − n
2
= j; (45)


























for j = k + ‘ − (n=2).





































for j = k + ‘ − (n=2).












h( + ‘)2P−k+ ; ’i: (49)






























































































if p and q are odd: (51)
From (36) and considering (47), (50) and (51) we have











for n even p and q odd, and k + ‘ = n=2; (n=2) + 1; : : : ; (n=2) + h; : : : with h= 0; 1; 2; : : : .
From (52) we obtain the following formula:
(k−1)(P) (‘−1)(P) =
− 12 (−1)(q−1)=2(n=2)−1(k − 1)!(‘ − 1)!(−1)k−1(−1)‘−1
2‘(k+‘−(n=2))(k + ‘ − (n=2))! (k + ‘) L
k+‘+(n=2)f(x)g
(53)
for n even p and q odd, and k + ‘ = n=2; (n=2) + 1; : : : ; (n=2) + h; : : : with h= 0; 1; 2; : : : .
We know that formula (11) holds for k < (n=2)−1 when n is even and we apply it to each factor
of the product of the left-hand side of (53). Thus, we arrive at the following theorem.
Theorem 2. Let k and ‘ be positive integers and let n be even dimension of the space. Let L be
dened by (18). Then the formula
(k−1)(P) (‘−1)(P) =−1
2
(−1)(q−1)=2 (n=2)−1(k − 1)!(‘ − 1)!(−1)k−1(−1)‘−1
22(k+‘−(n=2))(k + ‘ − (n=2))! (k + ‘) L
k+‘−(n=2)f(x)g
(54)
M. Aguirre Tellez / Journal of Computational and Applied Mathematics 115 (2000) 13{21 21
is valid under the following conditions:
(a) 06k + ‘ − (n=2)< (n=2)
(b) p and q odd.
Putting k = ‘ in (54) we have








for 062k − (n=2)< (n=2); p and q odd and n even.
In particular, if n= 4 and k = 1 in (55) we have
(x21 − x22 − x23 − x24) (x21 − x22 − x23 − x24) =

2
(x1; x2; x3; x4) (56)





3 − x24) (x21 + x22 + x23 − x24) =−

2
(x1; x2; x3; x4) (57)
if q= 1 and p= 3 where p is the number of positive terms and q is the number of negative terms
of P.
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